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626. 


ON THE GENERAL DIFFERENTIAL EQUATION E ae 


WHERE X, Y ARE THE SAME QUARTIC FUNCTIONS OF 
x, y RESPECTIVELY. 


[From the Proceedings of the London Mathematical Society, vol. vir. (1876—1877), 
pp. 184—199. Read February 8, 1877.] 


WRITE € — a 4 b0 -- c0? -- dO + e0, the general quartic function of 0; and let it be 
required to integrate by Abel's theorem the differential equation 


Set Gyn. 
We have 
LoX om, l1, WA [uo 
y* y, L wWY 
E&tor. LSWE 
w' w, l, W| 


a particular integral of 
dx | dy , dz dw 
JETgY JR gw 
and consequently the above equation, taking therein z, w as constants, is the general 
integral of 
dr | dy 
(X yn 
viz. the two constants z, w must enter in such wise that the equation contains only 
a single constant; whence also, attributing to w any special value, we have the general 
integral with z as the arbitrary constant. 
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JE" J 
Take w= o0; the equation becomes 
wv, orc 1, VX |=0, 
y y 1, VY 
sS, BY JZ 
1 HO} 0) e 
a relation between æ, y, z which may be otherwise expressed by means of the identity 
e (0 + 80 + yy — (e0* + d + c0? + b0 + a) = (28e — d) (0 — x) (0 — y) (0 — 2), 


or, what is the same thing, 


e (2y +B’) - c — — (28e — d) (e ^ y +2), 


e 28y —b= (28e—d)(yz + zæ t ay), 
er — a = — (28e — d) xyz, 
where 8, y are indeterminate coefficients which are to be eliminated. 
Write 
e - =P, y-Y-Q; 


then we have 
Bat+y+P=0, By+y+Q=0; 
giving 
B:y:1z2Q- P : Py-Qe: x —y. 
Substituting these values in the first of the preceding three equations, we have 


2(Py—Qv)(r—y)--(Q—-P» . X (2(Q—Prhe 


2(Qy — Pa) , (Q— Py 
2 v—) + (wy v—) 


that is, 


20-24 =c+d(a#+y+2); 


or, reducing by 


Qy— Pax ce NT 
xX —VV IH X-w/Y 
Q-P-y-e TNT ; E arta ak Leak p if yao 
this is i "od M 
2(r/ X y Y) M: M a 
=ce+d(a+yt+z)t+e(a+yy. 
We have Euler’s solution in the far more simple form 
M=C+d(ary)te(atyy, 
C. IX. 75 
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where C is the arbitrary constant. It is to be observed that, in the particular case 
where e=0, the first equation becomes 


M*=c+d(«#+y+2); 
and the two results for this case agree on putting C = c¢ + dz. 


But it is required to identify the two solutions in the general case where e is 
not =0. I remark that I have, in my Treatise on Elliptic Functions, Chap. XIV., further 
developed the theory of Euler’s solution, and have shown that, regarding C as variable, 
` and writing 
C= ad? + be — 2bed + C [— 4ae + bd + (C — cy], 


then the given equation between the variables æ, y, C corresponds to the differential 
equation 


da fy sien 
JX "VY Ve 


a result which will be useful for effecting the identification. The Abelian solution 
may be written 


2 X—yV/V Me 
e Er dy 4 E Gy —e-d(a+y)=2 {d+ 2 (2+ y) - 248); 


=0, 


and substituting for M its value, and multiplying by (z— y), the equation becomes 
2 Je(z—y)(e X -y Y) -e(e * y)(o— yy * (X -4Yy 
-2(à—y)(WX —-V/Y)Ve—c(z—yY—d(z- y)(z—yY 
— (x — y) {d (« — y) + 2e (a — y) - 2 (YX — VY) ve}. 
On the left-hand side, the rational part is 
X+ V+e(—a + 2ay— y) -d (— a + wy + vy? y?) + e(— at + ay — 2a? + 2a? — yt), 
which, substituting therein for X, Y their values, becomes 
=2a+b(a@+y)+c.2ey+d ay (a+y) +e. 2axy (a? — oy +y’); 
and the irrational part is at once found to be 


=2 /e(zr—y)(r/Y -y /X)-2VXY. 
The equation thus is 


an Us 223 + d æy (£ +y) +e. 2æy (à — vy + y?) 
t24/e(r—y)(x Y -y/X) -2VXY | 
(z — y) (d (æ — y) + 2e (a? — y*) -2(JX — JY) Ve] 


2 = 


which equation is thus a form of th de + = 
q 0 e general integral of J xt JY 0, and also a 
dx | dy , dz 


"d AUN. by 


particular integral of 0. 
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Multiplying the numerator and the denominator by 


d (æ — y) + 2e (à — y) +2 (VX -v Y) we, 


the denominator becomes 


=æ- y} | oe eoe yp e (RAT, 


which, introducing herein the C of Euler’s equation, is 


= (x — yy (d — 4eC). 


We have therefore 


= . 


£ (æ — yy (d — 4eC) = (2a + b (x + y) +c. 2xy +d ay (v + y) +e. 2wy (a — æy + y) 
+2 ye(æ— y) (c VY y X) -2WXY] x {d(x — y)-- 2e (— y) + 2 Ve (VX — VY). 


Using G to denote the same value as before, the function on the right-hand is, in 


fact, 
= (æ — yy (2be — cd + dO +2 Je VG}; 


and, this being so, the required relation between z, C is 
z (d? — 4eC ) = (2be — cd + dC + 2 Je JG]. 


To prove this, we have first, from the equation 


595 


e 2 
to express © as a function of æ, y. This equation, regarding therein C as a variable, 
e dv | dy , dC 
sS 199 uw): 
"y duo qd ia 


and we have therefore 


dC dC 
TRO ro E 


viz. / X di will be a symmetrical function of zv, y. Putting, as before 


a.v AVE 
N 
we have 
C= M*—d(z--y)—-e(e- yy, 
and thence 
aC = om T — d - 2e(e y) 


We have 
dM 1 X — yX-X4Y 


ds ^ s-y24X  (s—yP' 
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and hence 


V6 (o - ye e - VX w- yy fear TE a 266 y) 
t UA 


-—(z—y)X' (VX -JY)-2(X + Y-2VXY) X 
+ (d 202 y) (s — y VX 
= [(—y)X -2X--2Y -(d--2ez-- y) (e yy] X 
t [(z—y) X' - 4X]AY. 
We obtain at once the coefficient of yY, and with little more difficulty that of 
4X; and the result is 
VE (x — yy ^ — [4a + 3bz + 2ca? + da? + y (b + 2ex + 3da? + 4ea?)] VY 
+ [4a + 3by + 2cy? + di? + æ (b + 2cy + 3dy? + Aey)] VX. 
We have also 
C(a—y~p=(WX-VVYP—d(at+y)(@-yP—e(e@t+yy(e—yPp 
= X+4+V-d (a —aty — ay y) — e (at — ary’ y) —2VXV 


=2a+b(e+y)+e(@+y) +d ay (a+ y) + 2e vy — 2 XY, 
or, say 
C (x — yy — 2a (x — y) + b (a? — y) - e (à — ay + ay — y) - d xy (#—-y’) 
-2ea*y (x — y) -2(z — y) V X Y. 
We can hence form the expression of 


(a — yy {2be — cd + dC + 2 Je J/G], 


viz. this is 
= (2be — cd) (x — yy + 2ad (a — y) + bd (a? — y?) + ed (a? — æy + ay? — y?) + d? ay (a? — y?) 
+ 2de ay? (a — y) — 2d (x — y) VXY 
4- 2 Je ([— (4a + 3bz + 2c? + da?) — y (b + 2e + 3da? + 4ex*)] / Y 
+ [(4a + 3by + 2cy? + da?) + æ (b + 2cy + 3dy? + 4ey?)] y X], 
and this should be | 
= (2a b (zx + y) + c. 2æy +d ay (x + y) + e. 2wy (æ — oy + y!) 
+ 2/e(z—y) (c Y -y X) C24 XY] x {d(x — y) + 2e (a — y’) + 2 Ve (VX — VY). 
The function on the right-hand is, in fact, 
= (2a -- b (x - y) +c. 2y - d ey (s+ y) e. 2ay (a? — sy + y) -2 XY] 
x {d (æ — y) + 2e (a° — y°)} + 4e (æ y) (VX -v Y) (cy Y—y X) 
2e (4. X — JY) (2a - b (z -- y) - c.2zy +d ey (x + y) +e. 2ay (a — sy +y) - 2 XY] 
+ 2ye (@— y) (zw Y - y 4 X) {d (æ — y) + 2e (æ — 9), 
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viz. this is 
= {2a +b (æ +y) + c. 2æy + day(s + y) +e. 2wy (à? — vy + y?) 
x {d (æ — y) + 2e (æ — *)] + 4e (x —y) (—2#¥— yX) 
— 2N XY (d (z — y) + 2e (æ — y?)] + 4e (æ —y)(z - y) V XY 
+2Ve( VX ([2a--b(z- y) c.2zy - day (x - y) -- e. wy (a? — oy + y?) 
| +2Y — (æ — y) y [d (æ — y) + 2e (à — ?]) 
ir VY {2a+b(a+y)+c.2ey+day(a+y)+e. 2wvy (à? — xy + y?) 
+ 2X —(w—y)a[d (æ — y) + 2e (a — y] 
which is, in fact, equal to the expression on the left-hand side. 
To complete the theory, we require to express /Z as a function of a, y. It 
would be impracticable to effect this by direct substitution of the foregoing value 
of z; but, observing that the value in question is a solution of de ee de 


1 dz 1 l dz 
uxt a da” = 0, JY* JZ bb we can from either 
of these equations, considering therein z as a given function of z, y, calculate 4/Z. 


or, what is the same thing, that 


Writing for shortness 


| .J-24ey(z-y)VX +2 Vez(r y)yY -2VXY 
R-2Ve(a@—y)VX +2 Ve(a—y)VV 
where 
R= («x—y) {d+ 2e (e+ y)}, 


J=2a+b(a+y)+2cay+day (ety) + 2e xy (a — sy + y’); 


or, if for a moment 2-7, then 
dz 1 dN dDY  WZ 
d 7 p (Das Tu) 9 
that is, 


VX (dD dN _Q j 
yZ = r (Nas D ds] = ps 8'ppose ;, 


M writing for shortness X’, R’, J to denote the derived functions EN A 


(Y’ is afterwards written to denote T but as the final- formulæ contain only 


Me] us. 
P T and ae 


Q= N(R'JX-2WeX —Ve(z—y) X -2VeY XY] 
— D J'4X-2wXeyX —Ve(a—y) yX + 2 Je(2z — y) /XY —- X' JY]; 


this does not occasion any defect of symmetry), we find 
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and substituting herein for W, D their values, and arranging the terms, we find 


O=VeA+ 8 /X -G JY - Je S XY, 


where 
=— J [2X + (æ—y) X) B= JR 
—2(a@-—y)yRX + 2e (£ — y) y (2X +(a— y) X] 
—4XY + 4ex(a—y) Y 
+ Ry (2X +(«@—y)X’} — kJ’ 
+2 (ey) XJ’ — 2e (æ — y) y {2X + (a@—y) Xt 
i +2 (@— y) X'Y, — 4e (æ — y) (2e — y) Y, 

6 = — 4ey (& — y) X D= ?J 
— 2e (c — y) æ (2X - (v —y) X} -2(v—y)vcR 
—9RX +2 {2X + (a—y)X’} 
+ RX’ = 2 (2s — y) R 
+ 2e (&—y) y (2X +(@-y) X1 — 2(@—y)X’ 
+ 4e (c — y) (2a — y) X, —2(zr—y)J, 


where the terms have been written down as they immediately present themselves; but, 
collecting and arranging, we have 


Y= 2X (—J+ Ry—2V)+(a—y) 2XJ' -2X'Y XJ -2yEÀ'X + yRX", 
H= JR -J'R—-4e(xe-yy Y, 
6 2—2XR + X'R+4e(æ— yy X - 2e(a@— yy X’, 
D= 2J+4X —2Rz-4-2(v — y) (cR — R— JJ?) 
To reduce these expressions, writing 
M =d + 2e(a +y), 
A —c4 d(z4 y) e(2 y) 
we have E —(vz— yy M, and therefore R' = 2(z — y) M + 2e(r — y; also 
J-X-HY-—-(z—yy^; 
also, from the original form, 
J’ =b + 2cy + d (Qay + y?) + e (6y — 4æy? + 2y’). 
The final values are 
Wie — X*-6XY— Y? + (e — ye (A? - (—b + day) M+ ayM*}, 
B= (vx—y)MÍAY (x —y) Y'] -2e(z— yy Y, 
€=- (r- y) M {4X — (x-y) X] -2e(s — y} X', 
D = 4 (X + Y) + 4e (a — yy, 


which, once obtained, may be verified without difficulty. - 
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Verification of 3(.—The equation is 
— X? — 6X Y — Y? 4-(z — yf (A? + (7b + day) M+ oy M?| 
—-2X(-J--Ry—2Y)-(z—y) (2XJ'--2X'Y - XJ - 2yR X + yEX'|; 
or, putting for shortness 
A? + (—b + day) M -zyM? = V, 
this is 
(@—y V= X*+6XV+ Y? 
+ 2X {- X -3Y F(v— yy A c (z—yP yM} 
T(s—3)(2XJ'--2X'Y — X'S - 2yÀR X + yRX", 
—-—XU.YGiBR2(0—yPXAc-T2(rz—yPyXM 
+(x — y) {2XJ" -2X'Y — X'S — 2y RX + yRX" ; 
we have —X?+ Y2=—(X —Y)(X+Y), where X—Y divides by z-y, =(#-y)Q 
suppose; hence, throwing out the factor «—y, the equation becomes 
(@—y¥f V 2—Q(X + Y)4+2(@—y) XA4+2(e-y) yKM 
+ 2X J’ + 2X'Y — X' (X + Y - ( — yy AJ 
-2yX (2(z—y) M+ 2 (x —yP e] + (c- yy yMX', 
——Q0(X-t-Y)4-H2XJ'—X'(X — Y) 
*T2(r—y)XA-—2(»—y)yXM 
+ (a— yy X’A — 4 (a@—y) eyX + (a@— yf yMX. 
We have 2XJ'— J'(X + Y) -J' (X — Y), and hence the first line is 
—(—Q-J)(X + Y) -J'(X — Y); 
—Q--J', as will be shown, divides by z—y, or say it is —(z— y) 6, and, as before, 
X-Y is —(z—5) Q; hence, throwing out the factor z —y, the equation becomes 
(zr— yf V 2o (X --Y)--Q(J' — X) -2XA —2yXM + (æ — y) {XA — AeyX + yMX7]. 


We have 


Q — b -F c(v t y) 4 d (à? + y A y?) 4 e(20 + ay + xy + y), 
and thence 
— Q4 J' c c(- a- y) k d(- à? + ay)  e(— à? + Say — Soy y); 
or, dividing this by (z — y), we find 
®=-c—dx—e(#’—4ay + y), 
or, as this may be written, 


=—A+dy + deny. 
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We find, moreover, 
J'— X' 22e (— a+ y) + d(— 3a? + 2ay + y?) +e (— 40° + Gary — dary? + 2), 
which divides by («—y), the quotient being 
— 2c — d (3a + y) — e (4a? — 22 + 2), 
viz. this is ? 
= — 2A — (x — y) (d + 2es). 
Hence the equation now is 
(z— yy V =(X + Y){-A+ dy + 4ezyj + 2XA — 2yX M 
t (vc — y) Q {— 2A — (x — y) (d + 2ez)] 
+(a@—y) { X'M—-4eyX -yMX' }. 
The first line is 


(X + Y)Í- A - y M t2 (o —y) ye} + 2XA — 2yX M, 
which is 
=(A—yM)(X — Y)-2(«— y)ey(X t Y); 


hence, throwing out the factor æ — y, the equation becomes 
(r — y) V =(A—yM) QO + ey (X + Y) - 2AO  X'A — AeyX + yMX' — (e — y) Q (d + 2e) 
— (A - yM) (— Q + X") — 2ey (X — Y)- (x — y) Q (d + 2ea). 
We have 
—Q-FX'2c(x—y) +d (2a — ey — y) + e (3a — y — ay’ — y’), 


which is —(z—3y)(A-c 2M): also (X — Y) -(z— y) Q, as before; whence, throwing out 
the factor æ — y, the equation is 


V — (Ar zM)(A - y M) — 2eyO. — (d + 2ez) Q, 
that is, 
V =(A+aM)(A+yM)- MQ; 


viz. substituting for V its value, reducing, and throwing out the factor M, the 
equation becomes 


—b+day=(a+ y) A-Q, 
which is right. 


Verification of 8.—The equation is 
J (2 (x — y) M --2e(x — yy] — J'(» — y M — 4e (x — yf Y 
—4(x—3)MY + (x — y) MY’ + 2e(z — y) Y’, 
which, throwing out the factor v — y, is 


0— 2M (— J -2Y) - (x — y) M (J' - Y^) -2e(x — y) (CJ + 2Y) - 2e (c — yy Y". 
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Here — J + 2Y, 2 — (X — Y) + (x— yY A, is divisible by (æ—y): hence, throwing out the 
factor x — y, the equation is 


0 — M {— 2b — 2c (x + y) — 2d (a? + wy + y?) — 2e (a? + ay + ay? + y’)} 
T M (J' - Y) -2M (£ - y) A -2e(— J + 2Y) 2e (2 — y) Y". 
In the first and second terms, the factor which multiplies M is 
c (— 2a + 2) + d (— 22? + 24°) + e (— 2a? + 4a*y — Gay’ + 4), 
which is divisible by z— y; also — J + 2Y, 2 —(X — Y) + (z — yy A, is divisible by (z— y): 
hence, throwing this factor out, the equation is 
0= M (—2c-- d (— 2x —2y) + e(— 2a? + 2æy — 4y*)} +2MA 
+ 2e(—b —c(o y) - d (à? + ay 4- y?) — elt + ey + eyt y’) 
+ 2e (o — y) A+ 2eY*. 


Here in the first lime the coefficient of M is =e(2ay—2y*): hence, throwing out the 
constant factor 2e, the equation is 


Q2—-b—c(z--y) —d (e + ey y?) —e(2 +y ay! o y) Y'-(»—y)yM t (v —y)A. 
The first five terms are 
=¢c(—a@+y)+d(— a — wy + 2y?) + e(— 2 — ay — ay’ + 3y’), 
which is divisible by z— y; throwing out this factor, the equation is 
0——c-—d(z + 2y) - e (æ + 2ry + 3y?) - A+ y M, 
which is right. 
Verification of &.—We have 
— 2X (2 (æ — y) M + 2e (x — yY] +(e — y} X'M + 4e (@ — y) X = 2e (s — yy X' 
=~ (wy) M AX — (z— y) X) — 2 (2- yy X^, 
which is, in fact, an identity. 
Verification of D—The equation may be written 
4X + AY + 4e (z — y) 
= 92X42Y-—2(xr—yy^A 
+4X — 2a (x — y$ M 
+2 (x— y) (2 (x — y) «M + 2ex (x — y — M (x — y» — Jl, 
viz. this is 
0 =2X —2Y — 4e(x —yf — 2 (x —yY A -2z(r— y M 
+ 4ex (æ — yy — 2M (æ — yf - 2( —)J*. 
C. IX. 76 
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The first term 2(X — Y) is divisible by 2 (æ — y); throwing this factor out, the 
equation becomes 
Q0 —b-F c(z-- y) - d (à + ay - y) + e(a ++ ay my y) d 
— 9e (y — y — (x — y) A + « (x — y) M + 2ex (x — yy — M (æ — y. 
Substituting for J’ its value, the first line becomes 
c (e — y) 4 d (à? — ay) + e (a? — 5a?y + Say — y’), 
which is divisible by (c—y); hence, throwing out this factor, the equation is 


0=c+da+e(a—4aey +y?)—A+aM — 2e (c — yy + 2ez (a — y) -— M (« — y), 
where the sum of all the terms but the last is =d(a#—y)+e(2a*—2ay): hence, again 


throwing out the factor z— y, the equation becomes 


0 =d + 2ex — 2e (v — y) + 2e» — M, 
which is right. 


; A í da ME is 
Recapitulating, we have for the general integral of vxt JT" —0, or for a 


dæ | dy , ds 
particular integral of JX TE. "às =0, 


| J-2XVe(z—-y)yV X +2 Ve(w—- y) Y -2VXY 
~ (@— yp M-2e(z - y) V X *t2Ve(r- y) VY 


the corresponding value of /Z being 
ve[— X? — 6XY — Y? + (æ — y (A? + (— b + day) M+ ayM*}) 
+ [{4¥ + (£ — y) Y} M+ 2e(x — yf 2’) (@—y) V X 
— [{4X -(z-9) X'] M + 2e(z—- y} X] (u- ) 4 Y 


+[ 4(XY)4e(o-yy] — VXY 


VET Ke-yFM-24em-yXidem-p.YR ——— C 


where, as before, 
A —-c-4cd(z4 y) t e(28 y?) 
J =2a+b(x + y) + 2cay + day (a + y) + esy (à — æy +y’): 


also X is the general quartic function a+ bæ + ca? + dæ + eat, and Y, Z are the same 
functions of y, z respectively. 


In connexion with what precedes, I give some investigations relating to the more 
simple form © — a + c6? + e6*, or, as it will be convenient to write it, 9 — 1 — 10? + 0*. 
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We have ; 
| a, VX x a particular eee 
p nae i A ap 
| V of xt JY 0, 
à, a, XX |=0 the general integral 
96 y. VF à partieular integral | 
dz d dz 
3 Z eee ye ae E A E 
2, 424, y of "7s aam + Z 0, 
x, x CX, VX |=0 the general integral | 
d xc y wy a particular integral \ 
2, 2, z2X4Z2, VZ dæ ,dy ,dz dw _ 
of i> Gaia) Ga) a alli 


w, w, w/W, JW. VX 


and so on; viz. in taking 


x, c, WX |=0 as the general integral of P c =o, 
yo. wE 
2, 2 wZ 


we consider z as the constant of integration: and so in other cases. 


It is to be remarked that it is an essentially different problem to verify a 
particular integral and to verify a general integral, and that the former is the more 
difficult one. In fact, if U=0 is a particular integral of the differential equation 
Mdx + Ndy=0, then we must have N Ge UG, =? not identically but in virtue 
of the relation U=0, or we have to consider whether two given relations between 
æ and y are in fact one and the same relation. In the case of a general solution, 
this is theoretically reducible to the form e=U, c being the constant of integration, 
and we have then the equation V Ag M dy satisfied identically, or, what is the 


same thing, U a solution of this partial differential equation. 


Hence it is theoretically easier to verify that 


BL VX |20 
UN wow X 
| 2, 2, VZ | 


is a general solution, than to verify that 


76—2 
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mU 
is a particular solution of the differential equation A: Y= 0. Moreover, taking the 
first equation in the before mentioned form 
"a es 
 &V/Y—-ywVX' 
and writing therein z— o», we see that the second equation 
$, WX 
y VY 


is, in fact, a particular case of the first equation, so that we only require to verify 
the first equation; or, what is the same thing, to verify that 


gy 
"aJY—-yX/X 
is the general integral of 
da m 
VX Wh d 


; ‘ : Paaa , dy : dz _ 
To verify this, we have to show that de = 0(5+ 5), viz that yX d; 9 
a symmetrical function of (æ, y); for then y yy n, and we have the relation in 


question. 


We have 


(o JY - yuXy VXT = VX le yo (vy - 7) - 22 VY -y 0) 


EM fæ- yp- 242) JY — CE + Zay vx} 


=— (a + y?) VXY + QayX — $ (æ — y) yX’. 
Writing here X =i — la?+a*, then X’ =—2lx +4, and we have the last two terms 
= Quy (1 — la? + a) + (a — yf) ey (0 249) 
«y {2 — Ua + 2a* + (a? — y?) (L— 22°)} 
ey (2 — l (a? +4?) 22. 


I 


Hence the equation is 


(aVY—yV¥XPV/X mA — (a? + P) V XY + ay (2 — l (a + y?) + 22], 
or we have 


1 


"esf cum: (a? 4 y?) XY + wy (2 — La +y) + 22y?)), 
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which is symmetrical in (a, y), as it should be. And observe, further, that since 

WANE : A dx | dy , dz 
the equation is a particular solution of vxtyyt V g=% we must have Q=-—¥Z; 
viz. we have 


VZ (æy Y —y 4 Xp 9 — (e y») XY + wy (2 — l (a? + y?) + 2a). 


Proceeding to the next case, where we have between 2, y, z, w a relation which 


may be written 
(a, x, à? 4X, /X)=0, 


then here a, b, c, d can be determined so that 
(c8? + dy: (1 + BO + y”) — (a0 + by: = ey (0? — 2?) (0? — y?) (0 — 2) (0* — w?), 


viz we have d? = cy æy ew’, or say d=cr/y «yzw. And, supposing the ratios of a, b, c, d 
determined by the three equations which contain (æ, y, z) respectively, we have 


a:b:c¢:d=(@, PAX, JX): —(a, AX, WX) : (a, a, WX) : —(e, v, VX), 


or in particular 


d_ —(«', a, a^ X) _ — aye (2, 1, eX), 
$9709 5 4X3) 7 Gave) 
whence we have 
Vine LE 1, yX) 
(&, a, /X) 


as a new form of the integral equation; viz. written at full length, this is 
—wz|s 1, VX |=+| &, a, VX |; 
y, LhoyVY| |y, y VY 
S, de NZ Or hy ale 
and taking w — 0 and = oo respectively, we thus see how 


æ, ], | & o VX |=0, 


y^, 1, y VY y Y, MY 
ey ee | |a s JA 
are each of them a particular integral of 
dz | dy , dz 
ax E VET JZ =0. 
Reverting to the general form 
ES 04 l, a /X) 
(a*, a, 4X) " 
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this will be a general integral if only 
«(dx , dy ide 
dw = Q (7 A 7), 
viz. if we have 
d (a, 1, @yX) 


-— VX 35 door VR =, a symmetrical function of (æ, y, z). 
The expression is 
1 d, . 
O= oz uy (e L e X g, œ, ms WX) - Gs a WX) X LG 1, aX). 
or, writing for shortness 
a =g (y — 2), a = uz (y? — 2), 
B=y (2 — a), b = zæ (z — a), 


y=2(@#-y), c=ay(a—y’), 
we have 


(à, 1, v/ X) xaX -8/Y + yVZ, 
(@, 2, VX)=aVX+b V/V +e VZ; 


and the formula is 
(a, c, XPO 
(aV/X+B/V+y VZ) (yz — yo) 4X’ + (— Bat + 2) VX Y + (Bary — y’) V XZ| 
—(aV¥X+bVV+e VZ) (yy —2) (X 3 X'2) - 2zy V XY — 2z2 VXF} 
(a X - BJY - y Z)(L--MwXY - N V XZ) 
- (aJ X +bV¥ + cJ Z) (P QVXY 4 RVXZ), suppose, 


JX ENY +Z +VXVZ 
aL +aMX +aNX : 


+BMY +821 +BN 
+yNZ tyL +yM 
—aP —aQX —aRX 
E r BP —bR 
—cRZ —cP —cQ 
viz. this is 
= [aL—aP--Y(8M —bQ)+Z(yN —cR)} VX 
+ (X (aM — aQ) + BL —bP )yJY 
+{X (aN - aR)+ yL —cP } yZ 
+ (BN 4 4M —bR — cQ /— )/XYZ. 
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The coefficient of VX YZ is here 


= y(2—2) Bary —y) = gy(2g-—a)(32- y) 
+ z (a — y’) (— 3a°%z + 2°) + 2° (a? — y’) (— 3a? + 2) 
— zæ (2? — a?) (2xz) — 2332? (2? — a?) 

— «y (à — y) (— 2«y) + Qaty? (à — y^) 


which is 
= beye — yz — y'2? — za za? — att — x, 


The coefficient of yY is 


= [xy — 2) (— 3&z + 2) + yz (y? — 2) 2zy] X 
+y (2 —a@) EX" (yz—y2) — ze(2—a) Gh — 2) (X + $X2) 
= — 2az (4^ — y) (y?— 2) X — 2 (a — y) G- 2) (2 — a) EX 
= — (a — y) — 2) z {2aX + 3 (2 — 2) X’), 
where the term in { } is 
= 2x (1 — la? + at) + (2 — a?) (— læ + 22°), 
= æ (2 — l (2+ a?) + 22a}, 
or the whole coefficient is 
= — (£ — p) (Y — 2) cu [2 —1 (2 4 æ) + 22a]. 
We obtain in like manner the coefficient of yZ, and with a little more trouble that 
of yX; and the final result is 
Q (a, æ, y Xy e —(2—a) (æ — y°) yz {2 — l (y? + 2) -2y2] VX 
— (a? — y?) (Y — 2) zx (2 — l (2 +a) + 222?) yY 
—(y — 2) (2 — a) æy {2 — l (æ + y?) + 22y| VZ 
+ (6a%y22? — yt — y — zat — za? — ayt — aty?) N X YZ. 
And inasmuch as the equation is a solution of 


dæ dy dz dw 


ux ty ee 


it follows that Q=—./W, viz. that yW is by the foregoing equation expressed as a 
function of v, y, 2. 


The equation (a, x, a / X, J/ X) — 0, that is, 
æ, æ WX, JX |=0, 


I wo wb. VE 
$$ £8, 4 WE. NA 
w, w, w/W, JW 
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gives 
_(#, 1, z/ X) 
UT (m.m VX)’ 


where the numerator and the denominator are determinants formed with the variables 
æ, y; 2. 


Writing = for w, it follows that the equation 


| D, oc NX, VA |=O 
y, yy VY, WY 
)S) 4 NSuE, yZ 
W, w', VW, w4W 


gives 
w= (2°, a, VJ X) 
— (1, wf/X)’ 
which last equation is a transformation of 
a, a, ^ a NX c 0. 
fF he gee 
5 o5 1, zwZ 
w, w, 1, w/W 


The two equations, involving these determinants of the order 4, are consequently 
equivalent equations. 
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